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Abstrat We study dierent types of radiative deays involving f0(980) and a0(980) mesons within a unied
ChPT-based approah at one-loop level. Light salar resonanes whih are seen in pipi, piη, KK¯ hannels of
φ(1020) radiative deays and in J/ψ deays are responsible for key questions of low-energy dynamis in the
strong interation setor, and deays φ(1020)→ γa0(980), φ(1020)→ γf0(980), a0(980) → γγ, f0(980) →
γγ are of interest for urrent experimental programs in Julih, Frasati and Novosibirsk. From theoretial
point of view it is important to verify whether light salar mesons are members of some avor otet or
nonet. We nd a value of mixing angle ditated by onsisteny with experiment and oupling strutures of
ChPT Lagrangian. Deay widths f0(980)/a0(980)→ γρ(770)/ω(782), whih are not studied experimentally
yet, are predited. We also obtain several relations between widths, whih hold independently of oupling
onstants and represent a ngerprint of the model.
PACS. 11.30.Hv Flavor symmetries  12.39.Fe Chiral Lagrangians  13.30.Eg Hadroni deays  14.40.-n
Properties of mesons
1 Introdution
The salar mesons a0(980) (I
G(JPC) = 1−(0++)) and
f0(980) (I
G(JPC) = 0+(0++)) have been disussed for
more than 30 years. The shape of ππ (and πη) invari-
ant mass distribution in dierent reations points to these
resonanes. The promising soure of information on salar
mesons are radiative deays in whih salar mesons are in-
volved. Muh experimental attention has been paid so far
to proesses φ(1020) → γa0 [1℄ and φ(1020) → γf0 [2℄
(see also [3,4℄) due to motivation put forward in [5℄. Re-
ent example of a model desribing suh features in the
rare φ → γS → γπη (γππ) deays is hiral approah
with derivative ouplings [6℄. Among other well-known
proesses involving salar resonanes one an think of
J/ψ → φf0(980)→ φππ (and→ φKK¯) studied at BES [7℄
and nuleon-nuleon (as well as deuteron-deuteron) rea-
tions with various hadroni nal states. The transitions
a0 → γγ and f0 → γγ are relevant for numerous re-
ations, where two-photon interations produe misel-
laneous hadroni nal states. Many experiments involv-
ing γγ → ππ (or πη) have been arried out or are being
planned.
The properties of salar mesons are not well un-
derstood. Nevertheless the dominant deay hannels are
known to be ππ for f0 meson and πη for a0, and the to-
tal widths are in between 40 and 100 MeV. The deays to
strange mesons a0 → KK¯ and f0 → KK¯ are dynamially
allowed, though the masses of a0(980) and f0(980) may lie
slightly below the KK¯ threshold. The masses of a0(980)
and f0(980) are approximately equal.
The internal struture of light salar mesons is also not
lear. Reent advanes in understanding of their stru-
ture are presented in review [8℄. Most of studies show
that light salar meson struture an not be explained
in simple quark models. This is probably related to a spe-
ial role played by these mesons in low-energy dynam-
is of strong interation [9,10℄. Namely, salar elds an
be viewed as the Higgs setor of strong interation, i.e.
their non-zero vauum expetation value leads to hiral
symmetry breaking and diretly reet the struture of
quark ondensate in Quantum Chromodynamis (QCD).
Some authors emphasize proximity of the KK¯ threshold
to a0 and f0 masses that favors presene of the moleular
KK¯ omponent [11℄ (for reent alulations implementing
moleular KK¯ model see [12,13,14℄.)
Another approah to light salar meson features
is unitarized ChPT [15℄. There the inverse amplitude
method [16℄ was employed to desribe elasti ππ, πη, Kη
and KK¯ sattering data. The radiative deays in question
were evaluated through nal state interation of sattered
partiles. The unusual large-Nc behavior of salar reso-
nanes was reently summarized in [17℄ (see also referenes
therein and original paper [18℄).
The deays f0/a0(980)→ γ ρ(770)/ω(782) are similar
to deays φ→ γ a0 (γ f0). The interest to these proesses
was initiated in [19℄. Apparently they an be explained
in terms of the same matrix element (desribing proess
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with vetor (V) and salar (S) partiles, and photon in
initial/nal state) with SU(3) avor modiations reet-
ing the type of vetor partiles. Deays S → γV may be
studied experimentally in Julih (with ANKE and WASA
at COSY) [20℄ and possibly in Frasati [21℄(with KLOE
at DAΦNE or its upgrade) and at BES.
Various phenomenologial models [5,6,12,13,14,22,23,
24℄ have been applied to alulation of these deays. At the
same time a onsistent desription in framework of Chi-
ral Perturbation Theory (ChPT) with pre-existing vetor
and axial-vetor mesons [25℄ is laking. This is an ee-
tive theory of the strong and eletromagneti interations
at energies below 1 GeV and has symmetries of the un-
derlying QCD. Stritly speaking ChPT is an expansion in
series p2/Λ2χ, m
2/Λ2χ, where p is momentum, m is mass of
pseudosalar mesons, and hiral symmetry breaking sale
Λχ is of order 1 GeV. Thus, formally, the range of energies
for salar mesons is on the border of ChPT appliability.
Nevertheless, it is lear that suitable eetive Lagrangian
for salar mesons has to have muh in ommon with ChPT
Lagrangian, beause the oupling strutures are guided by
the hiral symmetry. There are many suessful applia-
tions of this theory at energies about 1 GeV that make a
useful bakground for employing it in present problem.
In general, ChPT does not speify internal struture
of interating partiles. The model [25℄ only assumes that
the salar elds belong to SU(3) avor otet and singlet.
This Lagrangian is written down in Appendies A and B,
in partiular, LA desribes interation of pseudosalar and
vetor mesons, and LB  interation of salar mesons with
pseudosalars. We test the singlet-otet mixing sheme for
the lightest salar meson nonet

a0 =S3,
f0 =S
sing cos θ − S8 sin θ,
σ =Ssing sin θ + S8 cos θ,
(1)
where S3 is the neutral isospin-one, S8 is isospin-zero
members of avor otet and Ssing is avor singlet. θ is
the otet-singlet mixing angle, and σ = f0(600). In par-
tiular we are interested in whether a0(980) and f0(980)
suit for members of this nonet. In priniple this may not
be the ase (see for example argumentation in [26℄) and
therefore should be veried. Radiative deays may help to
larify this important issue.
The present paper onsiders deays S → γγ,
φ(1020)→ γS and S → γV . We suppose that the under-
lying dynamis of all above deays has muh in ommon,
namely that the loops with pseudosalar mesons form the
dominant mehanism. This assumption is onsistently im-
plemented in Lagrangian [25℄ and Setion 2 presents alu-
lation of deay amplitudes. On this way we prove anela-
tion of divergenes and gauge invariane of the amplitudes.
Along the alulations we use the dimensional regulariza-
tion method, see Appendix D for a brief overview of the
method and list of basi formulae. Some details of loop
integrals alulation and their analysis are also presented
in Setion 2.
The are six oupling onstants in Lagrangian (FV , GV ,
cd, cm, c˜d, c˜m), and estimation of their values is arried
out in Setion 3. Under assumption of the resonane sat-
uration the oupling onstants may be expressed in terms
of hiral LEC's [25℄. Available experimental data provides
ertain onstraints on these ouplings.
After xing the parameters we alulate the widths
of various deays with light salar mesons and ompare
them with available data and preditions of other models
(Setion 3). We ompare pion and kaon loop ontribu-
tions to the deays with f0 meson in initial/nal state
and demonstrate the importane of pion loops in f0 → γρ
and f0 → γγ deays.
The virtual photon ase, whih is important for fur-
ther appliations of the present model, is outlined in Ap-
pendix C.
2 Formalism for radiative deays amplitudes
2.1 One-loop diagrams and hiral ounting
From Lagrangian terms (A.1) and (B.4) one obtains the
sets of one-loop diagrams shown in Figs. 1, 2 and 3. In
the present approah we have no tree-level diagrams for
the radiative proesses. Therefore the lowest-order ampli-
tudes onsist of one-loop diagrams. The orresponding set
of diagrams for a0/f0 → γγ deay with pseudosalar me-
son in the loop is shown in Fig. 1. This set of diagrams is
omplete sine it is obtained from Lagrangian whih ar-
ries the hiral power not less than the hiral power of any
diagram.
The following rules [27℄ are used to ount the hiral
power of any diagram. These ounting rules provide one
with a guiding idea of whih diagrams should be inluded
and whih should not, when forming a set of relevant di-
agrams at any given order. Pseudosalar elds Φ, salar
elds S and vetor elds (in tensor representation) ρµν ,
ωµν , φµν arry zero hiral power O(p0); derivative or ex-
ternal soure (like eletromagneti eld Bµ) has unit hi-
ral power O(p); pseudosalar-meson mass (mπ , mK) also
arries unit power O(p) (so that the mass matrix χ in Ap-
pendix A isO(p2)). The propagator of pseudosalar meson
is ounted as O(p−2).
All oupling onstants in Lagrangian (cd, cm, c˜d, c˜d,
FV , GV ) are O(p0), and the power of any vertex is deter-
mined only by the struture of the orresponding term in
Lagrangian. In addition, the loop integration over parti-
le momentum adds O(p4). Applying these rules one an
show that eah diagram in Fig. 1, 2 and 3 has hiral power
O(p4).
2.2 Radiative deays a0/f0 → γγ
Consider the amplitude of a0/f0 → γγ deay. Let salar
meson have 4-momentum p, photons have polarization
vetors ǫ
(1)
µ and ǫ
(2)
ν , and 4-momenta q
µ
1 and q
ν
2 . Suppose
that a positive harge runs lokwise in the loop. First, we
write down amplitude for the rst three diagrams (a-),
as this set of diagrams is often used in various approahes
for radiative deays [5,6,19℄.
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Figure 1. Diagrams for deay of salar meson (dotted line) into two photons (wavy lines). Pseudosalar mesons (dashed lines)
in the loops are: (K+K−) for a0(980) deays, and (K
+K−), (pi+pi−) for f0(980) deays. Solid (non-derivative oupling) and
rossed (derivative oupling) blobs represent O(p2) verties. Arrows mark the plaes, where form fators of pion and kaon would
arise for virtual photons (see disussion in Appendix C).
The invariant amplitude Mabc orresponding to di-
agrams (a-) in Fig. 1 is expressed through the tensor
T µνS(P )γγ :
− ıMabc = ǫ(1)∗µ ǫ(2)∗ν T µνS(P )γγ . (2)
The indies S(P ) indiate that the salar meson of type S
deays in two photons via loop onsisting of two interme-
diate pseudosalar mesons of type P with mass mP , i.e.
S(P ) = {a0(KK), f0(KK), f0(ππ)}.
Expliitly we nd
T µνS(P )γγ = −
e2gSPP
f2π
{
2gµν
∫
d4l
(2π)4
∆l∆l−p
+Iνµ(q1, q2) + I
µν(q2, q1)
}
, (3)
Iνµ(q1, q2) ≡
∫
d4l
(2π)4
(2l − p− q1)ν(2l − q1)µ
× ı∆l∆l−p∆l−q1 ,
where ∆l ≡ ı(l2 − m2P )−1. For gSPP 's we refer to La-
grangian (B.4) in Appendix B. Changing the integration
variable l′ = p− l (and l′ = p+ q1 − l) and assuming that
the possible divergene of the integrals is not higher than
the logarithmi, one an prove the gauge invariane of the
amplitude:
q1µT
µν
S(P )γγ = q2νT
µν
S(P )γγ = 0. (4)
Making use of the hange l′ = p − l we dedue a useful
relation
Iνµ(q1, q2) = I
µν(q2, q1) (5)
whih is onneted with Bose-symmetry of the nal pho-
tons.
By means of the Feynman parametrization and dimen-
sional regularization method (see Appendix D) the expres-
sion (3) is redued to
T µνS(P )γγ =
−2ıe2
(4π)2
gSPP
f2π
{
gµν
∫ 1
0
dx ln[m2P − p2x(1 − x)]
−2gµν
∫∫ 1
0
xdxdy ln[C(x, y; q1, q2)]
−
∫∫ 1
0
xdxdy
Aνµ(x, y; q1, q2)
C(x, y; q1, q2)
}
, (6)
Aνµ(x, y; q1, q2) = (q1[2x(1 − y)− 2] + 2xy p− q2)ν
× (q1[2x(1− y)− 1] + 2xy p)µ,
C(x, y; q1, q2) = q
2
1 x(x− 1)(1− y) + p2 xy(x− 1)
−q22 x2y(1− y) +m2.
The divergent parts of diagrams (a-) in Fig. 1 anel eah
other.
For real photons in question
q21 = q
2
2 = 0,
ǫ
(1)
µ q
µ
1 = ǫ
(2)
µ q
µ
2 = 0.
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Table 1. Values of the loop integrals. Assumed physial values
of salar meson masses:Mf0 = 980 MeV andMa0 = 984.7 MeV
Ψ(m2K ;M
2
a0 ;M
2
φ) = 0.0749 + 0.244 ı
Ψ(m2K ;M
2
f0
;M2φ) = 0.1295 + 0.216 ı
Ψ(m2π;M
2
a0 ; 0) = 0.5510 − 0.244 ı
Ψ(m2K ;M
2
a0 ; 0) = −0.63
Ψ(m2π;M
2
f0
; 0) = 0.5507 − 0.246 ı
Ψ(m2K ;M
2
f0
; 0) = −0.57
Ψ(m2π ;M
2
σ ; 0) = 0.3545 − 0.5664 ı
Ψ(m2K ;M
2
σ ; 0) = −0.0529
Ψ(m2π;M
2
f0
;M2ρ ) = 0.128 − 0.0169 ı
Ψ(m2K ;M
2
a0 ;M
2
ρ ) = −0.4048
Ψ(m2K ;M
2
a0 ;M
2
ω) = −0.3988
Ψ(m2K ;M
2
f0
;M2ρ ) = −0.3466
Ψ(m2K ;M
2
f0
;M2ω) = −0.3407
These onditions simplify equation (6) to
T µνS(P )γγ =
−4ıe2
(4π)2
gSPP
f2π
(
gµν − q
ν
1q
µ
2
q1 ·q2
)
Ψ(m2P ; p
2; 0). (7)
Here we dene
Ψ(m2P ; p
2; 0) ≡
∫∫ 1
0
xdxdy
[
1 +
m2P
p2xy(x− 1)
]−1
(8)
=
1
2
− m
2
P
p2
∫ 1
0
dx
x− 1 ln[1 + x(x − 1)
p2
m2P
],
Re Ψ(m2P ; p
2; 0) =
1
2
−m
2
P
p2
∫ 1
0
dx
x− 1 ln
∣∣∣∣1 + x(x − 1) p2m2P
∣∣∣∣ ,
Im Ψ(m2π; p
2; 0) = π
m2π
p2
ln
∣∣∣1 +
√
1− 4m2pip2
1−
√
1− 4m2pip2
∣∣∣,
Im Ψ(m2K ; p
2; 0) = 0.
The integrals Ψ(m2P ; p
2; 0) are alulated numerially and
presented in Table 1. The salar-meson invariant mass
(p2)1/2 is equal toMs  the mass of f0, a0 (and σ for om-
pleteness), while mP is equal to the mass of pseudosalar
meson π or K in the loop 1.
Now we onsider diagrams (d-i) in Fig. 1. At rst
glane, these diagrams, whih inlude derivative oupling
for salar mesons
2
, are more ompliated due to momen-
tum dependene of the SPP vertex. In fat these diagrams
an be treated similarly to the previous ase. To demon-
strate this let us dene
− ıMd−i = ǫ(1)µ ǫ(2)ν Tˆ µνS(P )γγ , (9)
1
When working with integrals (8) it is onvenient to use the
identity
R 1
0
(1 − 2x)f(y)dx = 0 for any funtion f(y), where
y = x(1− x).
2
We also inlude here diagram (i), though it has no deriva-
tive oupling in SPPγγ vertex. This is onvenient due to its
anelation with ontribution of diagram (f).
where symbol hat is used hereafter to indiate the deriva-
tive oupling. Next use the identity
l(l− p)∆l∆l−p = ı
2
(
∆l+∆l−p +ı(p2−2m2P )∆l∆l−p
)
,
and hange integration variables as above in order to om-
bine six terms inMd−i in suh a way that the ontribution
of diagram (i) anels the ontribution of (f), and dia-
grams (g), (h) are anelled by part of (d) and part of (e).
In this way the derivative oupling amplitude Tˆ µνS(P )γγ is
related to the non-derivative oupling amplitude T µνS(P )γγ
ǫ(1)µ ǫ
(2)
ν Tˆ
µν
S(P )γγ =
gˆSPP
gSPP
(m2P − p2/2) ǫ(1)µ ǫ(2)ν T µνS(P )γγ.
Combining ontributions of all diagrams in Fig. 1 one
obtains the total O(p4) invariant amplitude
−ıMa0→γγ =
−4ıe2
(4π)2f2π
Ψ(m2K ; p
2; 0)AK(p
2) (10)
×
(
ǫ(1)∗ · ǫ(2)∗ − ǫ
(1)∗ · q2 ǫ(2)∗ · q1
q1 · q2
)
,
−ıMf0→γγ =
−4ıe2
(4π)2f2π
[Bπ(p
2)Ψ(m2π; p
2; 0) (11)
+BK(p
2)Ψ(m2K ; p
2; 0)]
×
(
ǫ(1)∗ · ǫ(2)∗ − ǫ
(1)∗ · q2 ǫ(2)∗ · q1
q1 · q2
)
,
where
AK(p
2) ≡ gˆaKK(m2K − p2/2) + gaKK ,
BK(p
2) ≡ gˆfKK(m2K − p2/2) + gfKK ,
Bπ(p
2) ≡ gˆfππ(m2π − p2/2) + gfππ. (12)
2.3 Radiative deays φ(1020)→ γ a0/f0
Let vetor meson φ(1020) with momentum Q deay into
salar meson a0(980) (or f0(980)) with momentum p and
photon with momentum q, i.e. φ(Q) → γ(q) + a0/f0(p).
Diagrams orresponding to these reations are shown in
Fig. 2.
Let polarization vetor for the φ-meson be Eµ, and
that for the photon ǫν . Apparently q
νǫν = 0, Q
µEµ =
0. We desribe vetor meson φ(1020) by antisymmetri
tensor eld arrying the indies µλ. Thus we employ the
normalization for one-partile matrix element [25℄
〈0 |φµλ(0) |φ,Q〉 = ıM−1φ [QµEλ −QλEµ]. (13)
The invariant amplitude reads:
− ıMφ→γS = ǫ∗ν ı
QµEλ −QλEµ
Mφ
×
(
T µλνφ→γS + Tˆ
µλν
φ→γS
)
, (14)
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(B) (C) (D)(A)
(E) (F) (G)
Figure 2. Diagrams for φ(1020) to γa0(980) or γf0(980) deays. Pseudosalar mesons here are: (K
+K−). Solid and rossed
blobs stand for O(p2) verties, the latter indiate derivative oupling terms.
where tensor with hat for diagrams (A-D) is
Tˆ µλνφ→γS = Tˆ
µλν
A + Tˆ
µλν
B + Tˆ
µλν
C + Tˆ
µλν
D ,
Tˆ µλνA =
−ıeGV gˆSKK√
2f4π
∫
d4l
(2π)4
(
Qµlλ − (µ↔ λ))
× (2l −Q)ν∆l∆l−Q,
Tˆ µλνB =
−ıegˆSKK√
2f4π
∫
d4l
(2π)4
×
[(
GV Q
µ +
1
2
(FV − 2 GV )qµ
)
gνλ
− (µ↔ λ)
]
l
(
l −Q+ q)∆l∆l−Q+q,
Tˆ µλνC = Tˆ
µλν
D
=
eGV gˆSKK√
2f4π
∫
d4l
(2π)4
(
Qµlλ − (µ↔ λ))
× (2l − q)ν(l − q)(l −Q) ∆l∆l−q∆l−Q, (15)
and tensor without hat for diagrams (E-G) reads
T µλνφ→γS = T
µλν
E + T
µλν
F + T
µλν
G ,
T µλνE =
−ıegSKK√
2f4π
∫
d4l
(2π)4
∆l∆l−Q+q
[
gνλ
(
GV Q
µ
+
1
2
(FV − 2 GV )qµ
)− (µ↔ λ)],
T µλνF = T
µλν
G
=
−eGV gSKK√
2f4π
∫
d4l
(2π)4
∆l∆l−q∆l−Q
(
2l− q)ν
× (Qλlµ − (µ↔ λ)). (16)
The onsideration shows that divergent parts of the
amplitudes (15) and (16) whih do not anel are pro-
portional to (FV − 2 GV )(gνλqµ − gνµqλ). Therefore we
employ the relation
FV = 2 GV (17)
between eletromagneti and strong oupling onstants of
vetor mesons (see Appendix A) in order to make the
amplitudes nite. Atually this relation does not follow
from the hiral symmetry. However it naturally appears
in alternative approahes, Hidden Loal Gauge Symme-
try Model [28℄ and massive Yang-Mills theory [29℄. This
aspet has been addressed in [30℄. In Appendix A we dis-
uss auray of (17) based on experiment.
Making use of (17) and identities
ı(∆l−q +∆l−Q) = ∆l−q∆l−Q
[
p2−2m2K+2(l− q)(l −Q)
]
,
ı(∆l +∆l−Q+q) =∆l∆l−Q+q
[
p2 − 2m2K + 2l(l−Q+ q)
]
,
in (15) one an prove that
(
Tˆ µλνφ→γS −
gˆSKK
gSKK
(
m2K −
p2
2
)
T µλνφ→γS
)
×ǫ∗ν ı
QµEλ −QλEµ
Mφ
= 0. (18)
Finally
− ıMφ→γS =
(
1 +
gˆSKK
gSKK
(
m2K −
p2
2
))
(19)
× T µλνφ→γSǫ∗ν ı
QµEλ −QλEµ
Mφ
.
In alulation of the amplitude the Feynman
parametrization and dimensional regularization method
are applied (Appendix D). Then eq. (19), with the use of
(16), reads
− ıMφ→γS = −ıeGV gSKKQ
2
√
2f4π(4π)
2Mφ
(20)
×
(
1 +
gˆSKK
gSKK
(
m2K −
p2
2
))
×
[
4(Q · ǫ∗)(q ·E)I1 − (ǫ∗ · E)(I2 − 2I3)
]
,
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where
I2 =
∫ 1
0
dx ln(m2K − p2x(1− x)),
I3 =
∫∫ 1
0
xdxdy ln(m2K −Q2x(1 − x) + 2xy(1− x)Q · q),
I1 =
∫∫ 1
0
xdxdy
xy(1− x)
m2K −Q2x(1− x) + 2xy(1− x)Q · q
=
1
4Q · q
(
I2 − 2I3
)
, (21)
I2 − 2I3 = 1−
∫ 1
0
dx
m2K −M2φx(1 − x)
(M2φ − p2)x(1 − x)
(22)
× ln m
2
K − p2x(1− x)
m2K −M2φx(1− x)
≡ 2 Ψ(m2K , p2,M2φ).
In terms of Ψ(m2K , p
2,M2φ) the invariant amplitude (20)
reads
− ıMφ→γS = ı
√
2eMφGV
f4π(4π)
2
2Ψ(m2K , p
2,M2φ) (23)
×
[
ǫ∗ ·E − 1
Q·q (Q · ǫ
∗) (q ·E∗)
]
×
[
AK(p
2) for φ→ KK → a0γ
BK(p
2) for φ→ KK → f0γ
.
Compare denition (22) with that of Ψ(m2P , p
2, 0)
in (8). Real and imaginary parts of Ψ(m2K , p
2,M2φ) at
p2 = M2s are
Re Ψ(m2K ,M
2
s ,M
2
φ) =
1
2
− 1
2
∫ 1
0
dx
m2K −M2φx(1 − x)
(M2φ −M2s )x(1 − x)
× ln
∣∣∣m2K −M2s x(1 − x)
m2K −M2φx(1 − x)
∣∣∣,
Im Ψ(m2K ,M
2
s ,M
2
φ) =
πM2φ
M2φ −M2s
(√
1
4
− M
2
K
M2φ
+
M2K
M2φ
ln
∣∣∣∣∣
1−
√
1− 4M2K
M2
φ
1 +
√
1− 4M2K
M2
φ
∣∣∣∣∣
)
. (24)
Numerial alulation of Ψ(m2K ,M
2
s ,M
2
φ) leads to values
shown in Table 1 (see also [5℄ for analyti expression of
the integral (22)).
2.4 Radiative deays f0/a0 → γ ρ/ω
Deay of salar meson into vetor meson with radiation
of photon (f0/a0 → γ ρ/ω) in the lowest order is repre-
sented by O(p4) diagrams shown in Fig. 3. The verties
follow from LA in (A.1) and LB in (B.4). The struture of
the matrix element for these deays is very similar to that
in (23). One an replae φ(1020) by ρ(770) (or ω(782)),
take into aount avor SU(3) fator in the V PP ver-
ties, and selet the pseudosalar partiles in the loops
allowed by symmetries of the strong interation. For rele-
vant SU(3) relations see Appendix A. Taking into aount
that a0(980) and ω(782) do not ouple to two pions, one is
left with K+K− loop for a0 → γV and f0 → γω deays,
and both π+π− and K+K− loops for f0 → γρ deay.
The matrix elements read
− ıMa0→γV =
−ıeMVGV
f4π(4π)
2
[
ǫ∗ · E∗ − 1
Q·q (Q · ǫ
∗)(q · E∗)
]
× AK(p2) Ψ(m2K ; p2;M2V ), (25)
− ıMf0→γρ =
−ıeMρGV
f4π(4π)
2
[
ǫ∗ ·E∗ − 1
Q·q (Q · ǫ
∗)(q ·E∗)
]
× (BK(p2)Ψ(m2K ; p2;M2ρ )
+2Bπ(p
2)Ψ(m2π; p
2;M2ρ )
)
, (26)
− ıMf0→γω =
−ıeMωGV
f4π(4π)
2
[
ǫ∗ · E∗ − 1
Q·q (Q · ǫ
∗)(q · E∗)
]
× BK(p2) Ψ(m2K ; p2;M2ω), (27)
where notation for momenta and polarization vetors is
the same as in Setion 2.3.
The loop integrals Ψ(m2π ; p
2;M2V ) and Ψ(m
2
K ; p
2;M2V )
an also be dened by (22). Their numerial values are
shown in Table 1.
To make a orrespondene with results of [22℄ we an
write the loop integrals for f0/a0 → γ ρ/ω diagrams in
Fig. 3 in the form
ReΨ(m2π; M
2
s ;M
2
ρ ) =
1
2
− 1
a− b
(
ln2
1 +
√
1− 4/b
1−
√
1− 4/b
− ln2 1 +
√
1− 4/a
1−
√
1− 4/a
)
+
a
2(a− b)
(√
1− 4/b ln 1 +
√
1− 4/b
1−
√
1− 4/b
−
√
1− 4/a ln 1 +
√
1− 4/a
1−
√
1− 4/a
)
, (28)
ImΨ(m2π; M
2
s ;M
2
ρ ) =
π
a− b
(
ln
1 +
√
1− 4/b
1−
√
1− 4/b
− ln 1 +
√
1− 4/a
1−
√
1− 4/a
)
(29)
− πa
2(a− b)
(√
1− 4/b−
√
1− 4/a
)
,
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(B) (C) (D)(A)
(E) (F) (G)
Figure 3. Diagrams for f0(980)/a0(980) → γρ(770)/ω(782) deays. Pseudosalar mesons in the loops are: (K+K−) for all
deays, and (pi+pi−, K+K−) for f0(980) → γρ(770). Solid and rossed blobs stand for O(p2) verties, the latter are derivative
oupling terms.
with a = M2ρ/m
2
π and b = M
2
s /m
2
π for pions in the loop.
For kaons in the loop one nds
Ψ(m2K ;M
2
s ;M
2
V ) =
1
2
+
1
a− b
(
arcsin2
√
b
2
− arcsin2
√
a
2
)
+
a
a− b
(√
4/b− 1 arcsin2
√
b
2
−
√
4/a− 1 arcsin2
√
a
2
)
, (30)
where a = M2V /m
2
K and b = M
2
s /m
2
K . Numerial values
obtained from these analyti expressions agree with those
in Table 1 obtained from diret numerial integration. For
the integrals (8) and (22) one an also dedue analyti
expressions from [22℄ by hoosing appropriate a and b.
3 Results and disussion
3.1 Widths and estimates for hiral ouplings
First of all there are diret deays, whih an be desribed
from (B.4) at tree-level. They represent the dominant
hannels: a0 → πη for isotriplet and f0 → ππ for isos-
inglet salar mesons
Γa0→πη =
1
8πp2
√
(p2 +m2π −m2η)2
4p2
−m2π
|Aπη(p2)|2
f4π
,(31)
Γf0→ππ = (1 +
1
2
)
1
8πp2
√
p2/4−m2π
1
f4π
|Bπ(p2)|2, (32)
here Aπη(p
2) is introdued by analogy with (12)
Aπη(p
2) ≡ gˆaπη(m2η +m2π − p2)/2 + gaπη, (33)
and the deays a0 → KK¯ and f0 → KK¯:
Γa0→KK¯ = 2
1
8πp2
√
p2/4−m2K
1
f4π
|AK(p2)|2, (34)
Γf0→KK¯ = 2
1
8πp2
√
p2/4−m2K
1
f4π
|BK(p2)|2. (35)
The invariant mass of salar meson is
√
p2.
For deays into KK¯ in (34) and (35) one inludes
fator 2, (as KK¯ = K+K−,K0K¯0), and (1 + 1/2 (2 ×
1/2)2) = 3/2 for ππ in (32): 1 - from harged pions, 1/2
- from the identity of neutral pions, (1/2)2 - beause the
neutral pions interat two times weaker than the harged
ones (
→
π
2
= π0π0 + 2π+π−), and 2 is the symmetry fator
in the vertex with two idential neutral pions.
The widths of our premium interest are built up of
AK(p
2), BK(p
2) and Bπ(p
2) (12), loop integrals Ψ and
phase-spae fators. Thus, through relations (12), they
depend on Lagrangian ouplings cd, cm, c˜d, c˜m and singlet-
otet mixing angle θ for salar mesons (see Appendix B).
The widths for a0 → γγ, f0 → γγ deays read
Γa0→γγ =
1
32π
√
p2
e4
8π4f4π
|AK(p2) Ψ(m2K ; p2; 0)|2,(36)
Γf0→γγ =
1
32π
√
p2
e4
8π4f4π
|BK(p2) Ψ(m2K ; p2; 0)
+Bπ(p
2) Ψ(m2π; p
2; 0)|2, (37)
In deriving (36) and (37) the formula for the width
ΓS→γγ = 1/(2× 16πMs)|MS→γγ |2 (38)
is used, with the amplitude dened in (10) and (11), and
symmetry fator 1/2 for two idential photons in the nal
state. Further, the sum over polarization states λ of the
photon is performed using
∑
λ=±1
ǫ(λ)µ ǫ
(λ)
ν
∗ → −gµν (39)
under ondition that polarization vetor is ontrated with
the onserved urrent.
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Table 2. Partile properties (data from PDG [32℄) whih are needed in alulations
Partile IG(JPC) Mass Width Major hadroni
(MeV) (MeV) deay hannels
a0(980) 1
−(0++) 984.7 ± 1.2 50− 100 piη
f0(980) 0
+(0++) 980± 10 40− 100 pipi
σ = f0(600) 0
+(0++) [32℄ 400 − 1000 600− 1000 pipi
σ = f0(600) 0
+(0++) [33℄ 513± 32 335 ± 67 pipi
pi± 1−(0−) 139.57018 ± 0.00035 mean life 2.6 × 10−8 s
K± 1/2(0−) 493.677 ± 0.016 mean life 1.24 × 10−8 s pi±pi0
φ(1020) 0−(1−−) 1019± 0.019 4.26 K+K−, K0LK0S ,
ρpi + 3pi
The widths for φ(1020) meson deays are
Γφ→γa0 =
1
4πMφ
2
3
(
1− p
2
M2φ
)[√2eMφGV
f4π(4π)
2
]2
×
∣∣AK(p2) Ψ(m2K , p2,M2φ)∣∣2, (40)
Γφ→γf0 =
1
4πMφ
2
3
(
1− p
2
M2φ
)[√2eMφGV
f4π(4π)
2
]2
×
∣∣BK(p2) Ψ(m2K , p2,M2φ)∣∣2. (41)
Equations (40) and (41) are derived from general expres-
sion
Γφ→γa0/f0 =
|Mφ→γS |2
16πMφ
(
1− M
2
s
M2φ
)
, (42)
with assumption (17). The amplitudeMφ→γS in given in
(23). The fator of 2/3 in (40) and (41) omes from the
sum over photon polarizations and average over vetor-
meson polarizations λ by means of∑
λ=0,±1
E(λ)µ E
(λ)
ν
∗ = −gµν + QµQν
M2φ
. (43)
The widths for salar mesons deay into photon and
vetor meson have the form
Γa0→γρ/ω =
1
2π
√
p2
(
1−
M2ρ/ω
p2
)[eMρ/ωGV
f4π(4π)
2
]2
× ∣∣AK(p2) Ψ(m2K , p2,M2ρ/ω)∣∣2, (44)
Γf0→γρ =
1
2π
√
p2
(
1− M
2
ρ
p2
)[eMρGV
f4π(4π)
2
]2
× ∣∣BK(p2) Ψ(m2K , p2,M2ρ )
+2Bπ(p
2) Ψ(m2π, p
2,M2ρ )
∣∣2, (45)
Γf0→γω =
1
2π
√
p2
(
1− M
2
ω
p2
)[eMωGV
f4π(4π)
2
]2
×
∣∣BK(p2) Ψ(m2K , p2,M2ω)∣∣2, (46)
The expressions (44), (45) and (46) follow from
ΓS→γV =
1
16πMs
(
1− M
2
V
M2s
)∣∣∣MS→γV ∣∣∣2, (47)
Table 3. Deay data
Γφ(1020)→γf0
Γφ,tot
= (4.40± 0.21) × 10−4 [32℄
Γφ(1020)→γa0
Γφ,tot
= (7.6± 0.6) × 10−5 [32℄
Γφ(1020)→γf0
Γφ(1020)→γa0
= 6.1± 0.6 [32℄
Γa0→γγ = 0.30± 0.10 keV [32℄
Γf0→γγ = 0.31
+0.08
−0.11 keV [32℄
Γa0→ηpiΓa0→γγ
Γa0,tot
= 0.24+0.08−0.07 keV [32℄
Γf0→ππ = 34.2
+22.7
−14.3 MeV [31℄
Γf0→γγ = 0.205
+0.242
−0.2 keV [31℄
where salar meson mass isMs, vetor meson mass MV ,
and matrix element M is given in (25), (26) and (27)
respetively.
Let us disuss diulties one faes when trying to use
Eqs. (36)-(41) for xing the ouplings cd, cm, c˜d, c˜m and
mixing angle θ. It is lear that auray and even exis-
tene of relevant experimental data are very important.
The partile properties are presented in Table 2 and the
known deay widths in Table 3 (the latter ontains also
very reent data from KEK [31℄, however the errors are
still too big).
At present there is a big ambiguity in the mass of
σ = f0(600) meson [32℄ (although one noties smaller er-
rors in referene from CLEO [33℄ in the 4th line in Table 2,
given for overview purpose only). For that reason we de-
ided not to use information on σ = f0(600) neither in the
oupling estimation nor in the width predition.
Stritly speaking (34) and (35) are valid if invariant
mass of salar meson
√
p2 is bigger than the pair pro-
dution threshold 2mK . In fat the physial mass lies
below threshold, i.e. 2mK > Mf0 , Ma0 (Table 2). This
makes impossible to use (34) and (35) diretly in the t-
ting proedure (in priniple, one an use an approximate
method [34℄).
From Table 3 one sees that the preision of estimate
for Γa0→πη depends on auray with whih the total a0
width Γa0,tot is known, as only the ratio
Γa0→ηπΓa0→γγ
Γa0,tot
(48)
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is measured [32℄. Unfortunately Γa0,tot has big experimen-
tal error and therefore extration of Γa0→πη from (48)
leads to a big error. Thus this information should not be
used in the analysis.
Further, formally (36) and (40) are not independent
as they are expressed through the same fator AK . We
prefer to use (36) beause of a non-trivial assumption (17)
for the ouplings used in derivation of (40). For realisti
values of FV and GV the relation (17) is satised only
approximately (see Appendix A).
From the above reasonings it beomes lear that xing
ve parameters in question is not an easy task. Therefore
we redue the number of independent parameters from ve
to three by applying the large-Nc relations (B.2). These
relations are briey disussed in Appendix B. Then to nd
values of cd, cm, θ one an use (36), (37) and (41).
In the analysis below we take masses of a0(980) and
f0(980) equal and put
√
p2 ≈ 980 MeV. Let AK , BK
and Bπ be our estimates for AK(M
2
a0), BK(M
2
f0
) and
Bπ(M
2
f0
). Applying the onstraint (B.2) to (12) we nd
that the salar mixing angle θ satises the equation
4µ cos θ +
√
2 sin θ =
√
6
BK
AK
, (49)
where µ = ±1 stands for two possible hoies of sign
in (B.2). For the oupling onstants
cd =
√
2
p2(m2K −m2π)
(
m2πAK −m2KRBπ
)
,
cm =
−1√
2p2(m2K −m2π)
(
(p2 − 2m2π)AK
−(p2 − 2m2K)RBπ
)
, (50)
where
R−1 ≡ BK
AK
−
√
3 sin θ. (51)
The values of AK , BK and Bπ in (12), extrated
from (36), (37), (41) and experiment, are
BK ≈ 3.4716× 107 MeV3,
Bπ ≈ (1.029 or 4.96)× 107 MeV3,
AK ≈ 2.2456× 107 MeV3, (52)
(here ImBπ ≡ 0 is assumed). Inserting these values in (49)
and (50) one obtains ouplings and mixing angle in Ta-
ble 4. The relation between the mixing angle θ for µ = +1
and µ = −1 is disussed in Appendix B.
3.2 Analysis of loop integrals
Here we analyze dependene of the loop inte-
grals (8), (22), (28) and (30) on the salar meson
invariant mass. Firstly, suh dependenies are important
for proesses, where the o-shell salar resonanes enter,
i.e. for any salar meson prodution and its subsequent
deay to γγ or γ ρ/ω. Seondly, the masses of a0 and f0
mesons are not aurately established yet. New experi-
mental results may alter onsiderably the existing values
and it is important to know how results of an approah
depend on the masses.
Notie that our denition of loop integral Ψ auto-
matially inludes the loop kinemati fators, i.e. Ψ =
(a−b)I(a, b) in terms of analyti approah [22℄. The quan-
tity |Ψ |2 is onvenient in analysis of loop ontribution to
deay probabilities (10), (11) (23) and (25)-(27).
Fig. 4 shows dependene of |Ψ |2 on the salar-meson
invariant mass. This gure does not inlude any possible
interferene eets between the pion and kaon loops. From
Fig. 4 () one sees that the pion ontribution to f0 → γγ
deay turns out as large as the kaon one. The loop inte-
grals ruially depend on the pseudosalar threshold and
the relation between the masses of pseudosalar and ve-
tor partiles. Espeially dependenies for the kaon loops
are omplex due to proximity of the KK¯ threshold. Two
dotted vertial lines in Fig. 4 show the physial masses of
salar mesons. It is seen that the kaon-loop ontribution
rapidly hanges near the KK¯ threshold in the viinity of
Ma0 (Mf0), therefore an error in the mass value may ause
drasti hanges in the KK¯ ontribution.
Note that earlier similar loop integrals for φ→ γ a0/f0
and a0/f0 → γ ρ/ω deays were analyzed in [5,19,22℄. In
partiular, authors of [19℄ onluded that the pion loops
gave negligible ontribution to the deays.
In this onnetion we stress that for any observable not
only the loop integrals but also the ouplings matter. Thus
it is important to ompare the pion and kaon ontributions
taking into aount the orresponding oupling onstants
as well as the interferene eets. Fig. 5 shows the ratio of
the KK¯ ontribution to the total KK¯ + ππ ontribution
alulated from (11), (26) and Table 1. This ratio exhibits
the eet of interferene between pion and kaon loops and
depends on the ratio BK/Bπ. Our estimates for the ou-
plings lead to BK/Bπ = 3.37, and arrows in Fig. 5 mark
the values of relative kaon ontribution
∣∣∣∣∣ BK Ψ(m
2
K ,M
2
f ,M
2
ρ )
2 Bπ Ψ(m2π,M
2
f ,M
2
ρ ) +BK Ψ(m
2
K ,M
2
f ,M
2
ρ )
∣∣∣∣∣
2
= 1.635,
∣∣∣∣∣ BK Ψ(m
2
K ,M
2
f , 0)
Bπ Ψ(m2π,M
2
f , 0) +BK Ψ(m
2
K ,M
2
f , 0)
∣∣∣∣∣
2
= 1.915
to deays f0 → γρ and f0 → γγ respetively.
Results in Fig. 4 (a) for the φ deays strongly favor
the kaon loops ompared to the pion loops. That would be
an argument, additional to OZI suppression rule, for not
using pion loops for φ deays. For other proesses Fig. 5
gives an adequate measure of the pion-kaon onurrene.
In f0 → γ ρ deay omitting the pion loops would lead to
≈ 60% overestimate of the width. The pion loops are very
important in the two-photon deay of f0: they redue the
deay rate by a fator of 1.9.
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Table 4. Chiral ouplings and mixing angle
Bπ, (10
7
MeV
3) 1.029 1.029 4.96 4.96
cd (MeV) −6.39 −52.57 −41.67 −264.37
cm (MeV) −58.83 −13.15 −23.93 196.37
θ (for µ = +1) −7.329◦ 46.271◦ −7.329◦ 46.271◦
θ (for µ = −1) −172.671◦ 133.729◦ −172.671◦ 133.729◦
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(a)
φ→ (KK¯ →) γ a0
φ→ (KK¯ →) γ f0
φ→ (pi+pi− →) γ f0
(b)
a0 → (KK¯ →) γ ρ
a0 → (KK¯ →) γ ω
f0 → (KK¯ →) γ ρ
f0 → (pi+pi− →) γ ρ
f0 → (KK¯ →) γ ω
()
a0 → (KK¯ →) γγ
f0 → (KK¯ →) γγ
f0 → (pi+pi− →) γγ
Figure 4. Comparison of loop integrals squared, |Ψ |2. Solid line is drawn for kaon loop, dashed line for pion loop. Vertial
dotted lines mark assumed physial values of salar meson mass (Mf0 and Ma0). Two solid lines in (b) aount for dierent
masses of ρ and ω mesons. Interferene between kaon and pion loops is not inluded.
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Figure 5. Relative kaon loop ontribution,˛
˛(KK¯)/(pi+pi− + KK¯)
˛
˛2
, to (11) and (26) versus ratio
BK/Bπ. Curves (b) and () orrespond to deays f0 → γρ
and f0 → γγ respetively (see also legend in Fig. 4). Our t
gives BK/Bπ = 3.37.
3.3 Model preditions
In the present model two types of preditions are obtained.
On the one hand, the observables depend on values of the
model parameters, and thus an be evaluated after spei
values are hosen.
On the other hand, several ratios of the widths turn out
to be independent of spei values of ouplings cm, cd,
c˜m, c˜d and θ. We nd three suh ratios whih are onstant
in the present model for any values of these parameters:
Γa0→γγ
Γφ→γa0
= 0.422 (53)
=
3e2f4πMφ
G2VMa0(M
2
φ −M2a0)
∣∣∣∣∣ Ψ(m
2
K ;M
2
a0 ; 0)
Ψ(m2K ;M
2
a0 ;M
2
φ)
∣∣∣∣∣
2
,
From experiment (Table 3) one obtains about 0.93 for this
ratio.
Another ratio
Γa0→γρ
Γa0→γω
= 1.043 (54)
=
(M2a0 −M2ρ )M2ρ
(M2a0 −M2ω)M2ω
∣∣∣∣∣Ψ(m
2
K ;M
2
a0 ;M
2
ρ )
Ψ(m2K ;M
2
a0 ;M
2
ω)
∣∣∣∣∣
2
has not been measured so far, though theoretial predi-
tions exist. In partiular, it was shown [19℄ that the quark-
loop mehanism in the two-quark model gives value about
1/9, the four-quark struture leads to ≈ 0, while kaon-loop
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mehanism produes almost equal a0 → γ ρ and a0 → γ ω
widths. Our result appears lose to the latter predition.
From (35), (39) and (43) it is also possible to derive
Γa0→ γ ρ(ω)
Γφ→ γ a0
≈ 12 (55)
=
3M3φ
M3a0
M2a0 −M2ρ(ω)
M2φ −M2a0
(
M2ρ(ω)
2M2φ
)
×
∣∣∣∣∣
Ψ(m2K ,M
2
a0 ,M
2
ρ(ω))
Ψ(m2K ,M
2
a0 ,M
2
φ)
∣∣∣∣∣
2
.
Analogous ratio an be dedued from results of [16℄. It
appears to be approximately 5.6. The dierene may be
addressed to dissimilarity between the models, partiular
hoie of mass and oupling onstant values.
Now, let us fous on the oupling-dependent results
alulated aording to (36)-(46), (40) and (41). Tables 5
and 6 show preditions of the model and omparison with
available data. Table 5 presents obtained values of cd, cm
and θ, and strong deay widths for a0 and f0 mesons.
In Table 6 one an see results for radiative deay
widths. The olumn I shows alulations with our param-
eters cd = −6.38MeV, cm = −58.83MeV and θ = −7.33◦.
The entries in Table 6, whih were taken as input in the
tting proedure, are marked with asterisk (Γφ→γf0/Γφ,
Γa0→γγ and Γf0→γγ). The olumn II is alulated with
an ideal mixing angle θ = −35.3◦ (sin θ = −1/√3,
cos θ =
√
2/3) as hosen in [35℄. In this ase deay σ =
f0(600) → ππ is forbidden3, though in fat it should be
super-allowed. The olumn III deals with another ideal
mixing angle θ = 54.7◦ (cos θ = 1/
√
3, sin θ =
√
2/3).
In this ase deay f0(980) → ππ turns out forbidden in
ontradition with experimental evidene. Therefore the
hoies II and III do not look realisti.
For omparison of our results with preditions of other
models we add olumns IV, Va and Vb. In parti-
ular, kaon-loop model [19℄ (KLM ) is seleted (olumn
IV), whih is somewhat similar to the present alula-
tion. In olumns Va and Vb preditions of vetor-meson-
dominane (VMD) model [24℄ (Table I therein) are shown
for two dierent sets of parameters. The authors apply
a hiral Lagrangian with strong trilinear salar-vetor-
vetor interation.
3.4 Disussion
In this subsetion we briey ompare our results with
those of KLM [19℄ and VMD [24℄ models and omment
on orrespondene of predited widths to experiment.
As it is seen from Table 6, our model, ontrary toKLM,
gives not only the rate for deay of a given type (S → γγ,
S → γV and φ → γS groups) but also dierent deay
rates for a0 and f0 mesons. For some of the hannels the
results of KLM are qualitative estimates, orretions [14℄
3
In qq¯ quark model this ase orresponds to f0(600) = ss¯
to whih should be alulated as disussed in [19℄. Nev-
ertheless, our results for S → γγ and φ → γS are in
agreement with KLM within an order of magnitude. For
the ratio Γa0→γγ/Γφ→γa0 we also get a lose value, whih
approximately orresponds to experimental result. At the
same time we obtain the widths for S → γV deays whih
are bigger than the values in the KLM. The latter disrep-
any is due to SU(3) relations for strong interation (see
(A.11)) and our ouplings of φ and ρ/ω mesons to KK¯
turn out to be dierent from those used in [19℄.
Regarding the VMD model [24℄, one an see from Ta-
ble 6 that quite a big deay widths for S → γω are ob-
tained there ompared to our results, while S → γρ pre-
ditions dier not so muh. Note also a big dierene in
the values of the ratio Γφ→γf0/Γφ→γa0 .
From results presented in Tables 5 and 6 one onludes
that preditions for salar meson deay widths are very
sensitive to model details. Therefore the future experi-
ments in whih these proesses will be studied may help
to disriminate between dierent models of salar mesons.
In general, for omparison with experiment, in whih
salar resonanes ontribute, a more appropriate observ-
able is the invariant mass distribution. As an example on-
sider the reation e+e− → γ∗ → ππγ at the CM energy
lose to the φ(1020) mass [2℄. This reation allows for ex-
tration of the branhing ratio
dBφ→ππγ
dp2
=
1
Γφ, tot
dΓφ→ππγ
dp2
, (56)
where p2 is the two-pion invariant mass squared. Within
the present framework this branhing ratio an be alu-
lated from
dΓφ→ππγ
dp2
= Γφ→γf0(p
2)Bf0→ππ(p
2)× (− 1
π
)
ImDf0(p
2).
(57)
Here Γφ→γf0(p
2) is the φ → γf0 deay width (41) for
arbitrary p2, Df0(p
2) = [p2 − m2f + imfΓf0,tot(p2)]−1
is the salar-meson propagator and branhing ratio
Bf0→ππ(p
2) = Γf0→ππ(p
2)/Γf0,tot(p
2) relates f0 → ππ
deay width (32) to the total f0 width Γf0,tot(p
2). A
more advaned form of the propagator inluding both real
and imaginary parts of the self-energy was suggested re-
ently [36℄. The problem of nite resonane width eets
in invariant mass distributions for π0π0 and π0η in the φ
radiative deays is important [37℄.
Note also that in Ref. [19℄ (Appendix) a more general
distribution over invariant masses of both the initial and
nal resonanes for S → γV deays is disussed.
The salar otet and singlet mixing angle θ appeared
to be ruial parameter in the t. We should remark that
a detailed study of mixing angle was performed in [38℄
using the inverse amplitude method. The basi proesses
there were elasti ππ, πη, KK¯ and Kη sattering and an-
gle value was dierent from our estimate
4
. There are also
models in whih f0 is mainly the singlet state with θ ≈ 0,
for example, an appliation of the Bethe-Salpeter equa-
4
The denition of mixing angle in [38℄ is also dierent.
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Table 5. Strong deays of salar mesons
Our estimate (I) Estimate (II) Estimate (III) Exp. value [32℄
cd, MeV −6.38 ±32 ±32 -
cm, MeV −58.83 ±42 ±42 -
θ −7.33◦ −35.26◦ 54.73◦ -
Γa0→πη, MeV 14.2 172.4 172.4 -
Γf0→ππ, MeV 41.8 775.7 7.4× 10−6 34.2+22.7−14.3
Γa0,tot, MeV 17.8 215.4 215.4 50− 100
Table 6. Model preditions and available data for eletromagneti deays. (Asterisk
∗
marks the experimental values, used for
extration of ouplings. For ouplings used in olumns (I), (II) and (III) see Table 5)
Observable Our est. (I) Est. (II) Est. (III) [19℄ (IV) [24℄ (Va) [24℄ (Vb) Exp. value [32℄
Γφ→γa0
Γφ,tot
, 10−4 1.67 2.13 2.13 1.4 − − (7.6± 0.6) × 10−1
Γφ→γf0
Γφ,tot
, 10−4 4.40∗ 2.31 4.63 1.4 4.92± 0.07 4.92 ± 0.07 4.40± 0.21
Γφ→γf0
Γφ→γa0
2.64 1.08 2.17 1 0.26± 0.06 0.46 ± 0.09 6.1± 0.6
Γa0→γγ , keV 0.30
∗ 0.383 0.383 0.24 0.28± 0.09∗ 0.28 ± 0.09∗ 0.30± 10
Γf0→γγ , keV 0.31
∗ 0.323 0.62 0.24 0.39± 0.13∗ 0.39 ± 0.13∗ 0.31+0.08−0.07
Γa0→γρ, keV 9.1 11.65 11.65 3.4 3.0± 1.0 3.0± 1.0 −
Γf0→γρ, keV 9.6 0.95 16.6 3.4 19± 5 3.3± 2.0 −
Γa0→γω, keV 8.7 11.15 11.15 3.4 641± 87 641± 87 −
Γf0→γω , keV 15.0 7.93 15.85 3.4 126± 20 88± 17 −
tion with a linear onnement qq¯ potential to alulation
of salar-meson mass spetrum [39℄.
This disrepanies, to our opinion, may not be aused
only by dierenes in the applied models. The problem
may be related to a non-trivial struture and behavior of
light salar resonanes. As it was emphasized by Bugg [8℄,
uniation of observed resonanes in elasti sattering ex-
periments with orresponding ones seen in radiative de-
ays is a big hallenge. They show up in dierent ways,
and it would be important to build a onsistent bridge
between these and those properties of resonanes.
3.5 Possible interations beyond the model
Comparison of our results with preditions of other mod-
els, espeially the results independent of the hoie of
ouplings, shows that the present model does not allow
one to reprodue the ratio Γa0→γρ/Γa0→γω = 1/9, whih
is obtained in qq¯ model and quark-loop mehanism [19℄,
or Γa0→γρ/Γa0→γω ≈ 0 in qqq¯q¯ model [19℄. The present
model is insensitive to the struture of salars.
At this point one an think of a diret (or ontat)
oupling of salars to two photons as an extension of the
present model. Similar terms were introdued in [35℄ and
have the order O(p4)
L1 = g
〈
Soctfµν+ f+µν
〉
+ g′Ssing
〈
fµν+ f+µν
〉
, (58)
where g, g′ are oupling onstants and fµν+ is dened in
(A.6).
Analogously, onstruting the C and P invariant terms
with Vµν one an propose the SγV interations
L2 = g
′′ 〈Soctfµν+ Vµν〉+ g′′′Ssing 〈fµν+ Vµν〉 (59)
whih are bilinear in resonane elds. Lagrangian (59) has
the order O(p2) and ontains two more ouplings g′′, g′′′.
Of ourse, these terms do not violate hiral symmetry.
Four additional oupling onstants g, g′, g′′, g′′′ should be
xed from ertain observables.
To our opinion, Lagrangians (58) and (59) an be use-
ful in phenomenologial desriptions of salar radiative de-
ays. They may represent eets related to spei quark
struture of the salar mesons, whih is not aounted for
in hiral Lagrangian LB (B.1). This aspet lies beyond the
sope of the present paper.
4 Conlusions
Within ChPT with vetor and salar mesons [25℄ we
have alulated the radiative deays a0 → γγ, f0 → γγ,
φ → γa0 and φ → γf0. These deays and orresponding
invariant mass distributions an be measured in e+e− an-
nihilation in Frasati by KLOE [21,40℄ and Novosibirsk
with VEPP-2000.
The derivative and non-derivative ouplings of salar
mesons to pseudosalar ones are onsistently inluded.
The gauge invariane of the amplitudes and anela-
tion of divergenies from dierent diagrams are expliitly
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demonstrated. The obtained amplitudes are nite with-
out ounter terms. For φ deays, in addition, we used the
relation FV = 2 GV between eletromagneti and strong
ouplings of vetor mesons in order to get rid of divergen-
ies. This relation was previously disussed in [30℄ in on-
netion with alternative approahes, Hidden Loal Gauge
Symmetry [28℄ and massive Yang-Mills models [29℄. Note,
that this relation does not follow from hiral symmetry
but does not ontradit it as well [30℄.
The salar avor singlet-otet mixing angle θ is ob-
tained from the t, as well as estimates for otet hiral
ouplings cm and cd. It should be noted that the values of
these parameters strongly orrelate with the mixing angle.
For the avor singlet ouplings c˜d,m we relied on the
relations c˜d,m = cd,m/
√
3 to avor otet ouplings in the
large-Nc limit [25℄. One may argue whether the large-Nc
onsideration is appliable to salar mesons, espeially in
view of Unitarized ChPT results [18℄. In this onnetion,
a t without any large-Nc restrition would be an exten-
sion of the present approah. However diulties related
to the tting proedure may arise, in partiular, two more
free parameters c˜d,m appear, and in view of sare exper-
imental data a non-trivial proedure is needed to redue
ambiguities in the results.
In the present model we obtained the widths of a0(980)
and f0(980) deays: Γa0,tot = 17.8 MeV, Γa0→πη =
14.2 MeV, Γf0→ππ = 41.8 MeV. Many of the alulated
observables are in satisfatory agreement with experiment.
At the same time the alulated ratio Γφ→γf0/Γφ→γa0 =
2.64 only qualitatively agrees with the experimental value
6.1. The results of the present approah are also ompared
with those of previously developed kaon-loop model [19℄
and vetor-meson-dominane model [24℄.
Preditions for the widths of a0(980) and f0(980) de-
ays into γρ(770) and γω(782) are also given (see Table 6).
The proesses, to our opinion, are of interest for experi-
mental programs in Julih with COSY [20℄ and Frasati
with DAΦNE (or its upgrade) [41,42℄.
Within the present model and one-loop approxi-
mation we found several ratios of the widths whih
are independent of the ouplings onstants. Namely,
Γa0→γγ/Γφ→γa0 = 0.422, whih is in a qualitative orre-
spondene with experiment, Γa0→γρ/Γa0→γω = 1.043 and
Γa0→γρ(ω)/Γφ→γa0 ≈ 12 whih have not been tested ex-
perimentally yet.
Our alulations show that many preditions are in
agreement with experiment, and therefore support the as-
sumption that a0(980) and f0(980) t in the lightest salar
meson nonet. However, it is diult to make an unambigu-
ous onlusion.
The present work makes a solid ground for further
studies of salar mesons, not only the lightest ones a0(980)
and f0(980). The model an be applied in proesses of
two-photon prodution of hadroni states with intermedi-
ate salar resonanes. These proesses our in nuleon-
nuleon and eletron-positron ollisions (like e+e− →
e+e−π+π−).
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A Chiral Lagrangian for pseudosalar and
vetor mesons
In alulations we use O(p2) ChPT Lagrangian for
pseudosalar mesons Φ, vetor mesons and photons, de-
rived by Eker et. al. [25℄, where spin-1 mesons are de-
sribed by antisymmetri tensor elds V νµ. This La-
grangian has O(p4) hiral power in sense of its equiva-
lene to the ChPT Lagrangian in whih no expliit res-
onanes are introdued (see [25,30℄ for details). In the
present problem it is suient to keep
LA =
f2π
4
〈
DµUD
µU † + χU † + χ†U
〉− 1
4
FµνF
µν
−1
2
〈∇λVλµ∇νV νµ − 1
2
M2V VµνV
µν〉
+
FV
2
√
2
〈
Vµνf
µν
+
〉
+
iGV√
2
〈Vµνuµuν〉 , (A.1)
where 〈· · · 〉 stands for the trae in avor spae. The pion
weak deay onstant fπ ≈ 92.4 MeV, FV and GV are ou-
pling onstants. The eletromagneti eld Bµ is inluded
as an external soure, Fµν = ∂µBν − ∂νBµ is the eletro-
magneti eld tensor. The quark mass matrix
χ = 2B0 diag(mu,md,ms) (A.2)
is expressed in terms of light quark (qu, qd, qs) masses and
hiral ondensate: 〈0|q¯uqu|0〉 = −f2πB0
(
1+O(mq)
)
. In the
limit of exat isospin symmetry χ = diag(m2π, m
2
π, 2m
2
K−
m2π). The terms in Lagrangian relevant for salar meson
setor are disussed in Appendix B, and are denoted as
LB in present paper.
Pseudosalar meson nonet (JP = 0−) ontains the
8flavor otet of Goldstone bosons and the 1flavor sin-
glet, namely η0 eld. We ombine singlet and otet into
nonet following [44℄. Thus avor SU(3)multiplet for pseu-
dosalar mesons is
Φ =
1√
2
(π1λ1 + π2λ2 + π3λ3
+K1λ4 +K2λ5 +K3λ6 +K4λ7
+η8λ8 + η0λ0), (A.3)
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where λa (a = 1, ..., 8) are the Gell-Mann matries, λ0 =√
2
3 1, and the physial elds are dened as
π± =
1√
2
(π1 ∓ ıπ2), K± = 1√
2
(K1 ∓ ıK2), (A.4)
K0 =
1√
2
(K3 − ıK4), K¯0 = 1√
2
(K3 + ıK4),
π0 = π3.
Of ourse suh a sheme is well-dened only approximately
if the U(1) axial anomaly is negleted. We do not omit
problemati η meson within present approah, as it is in-
volved in the dominant deay of a0 meson a0 → πη. For
η - η′ mixing we hoose the two-parameter sheme [45℄:
η = cos θ8 η8 − sin θ0 η0,
η′ = sin θ8 η8 + cos θ0 η0. (A.5)
Note that η and η′ are not the orthogonal states. The
angles θ0 = −9.2◦ and θ8 = −21.2◦ are disussed and
determined in [45,46℄ from experiment.
Further, fµν+ in (A.1) for the external eletromagneti
eld reads
fµν+ = eF
µν(uQu+ + u+Qu), (A.6)
where
u ≡ U1/2 = exp
(
ı Φ√
2fπ
)
(A.7)
arries non-linear parametrization of the pseudosalar
eld. The quark harge matrix is Q ≡ diag(23 ,− 13 ,− 13 ) =
1
2λ3+
1
2
√
3
λ8, and the eletron harge is e =
√
4πα ≈ 0.303.
The denition of DµU , ∇νV νµ and uν in (A.1) an be
found in the original work [25℄.
From LA (A.1) the following interations for physial
elds in O(p2) order an be produed [43℄:
LγPP = −ıeBµ(π+
↔
∂µ π
− +K+
↔
∂µ K
−), (A.8)
LγγΦΦ = e2BµBµ(π+π− +K+K−), (A.9)
where for any a and b notation a
↔
∂µ b ≡ a ∂µ b− b ∂µ a is
introdued.
LγV = eFV Fµν
(1
2
ρ0µν +
1
6
ωµν − 1
3
√
2
φµν
)
. (A.10)
LV PP = ıGV
f2π
[
ρ0µν(2∂
µπ+∂νπ− + ∂µK+∂νK−)
+ωµν
(
∂µK+∂νK−)
+φµν
(−√2∂µK+∂νK−)]. (A.11)
P+
P−
P+
P−
(ν)
(µλ)
φ(1020)
−GV√
2f2
pi
[l−µ l
+
λ − l+µ l
−
λ ]
(µλ)
φ(1020)
−eGV√
2f2
pi
[gνλ(l
− + l+)µ − gνµ(l− + l+)λ]
− eFV
2
√
2f2
pi
[gνλqµ − gνµqλ]
(ν)(µλ)
φ(1020)
−eFV
3
√
2
[gνλqµ − gνµqλ]
P+
P−
(ν)
ıe(l+ − l−)ν
P+
P−
(µ)
(ν)
2ıe2gµν
Figure 6. TheO(p2) verties from hiral Lagrangian LA (A.1).
Dash line stands for kaon, double solid - for vetor meson φ,
wavy line - for photon.
LγV PP = −eFV
f2π
∂µBνρ0µν π
+π− (A.12)
−eFV
2f2π
∂µBν
(
ρ0µν + ωµν −
√
2φµν
)
K+K−
−2eGV
f2π
Bνρ0µν
(
π+∂µπ− + π−∂µπ+
)
−eGV
f2π
Bν
(
ρ0µν + ωµν −
√
2φµν
)
× (K+∂µK− +K−∂µK+) .
From these terms one an derive the O(p2) vertex fun-
tions shown in Fig. 6.
Chiral ouplings FV and GV an be extrated from
the vetor meson partial widths (see [25,43℄). From (A.10)
and (A.11) one alulates the following deay widths:
Γρ→ππ =
G2V
48πf4π
(
M2ρ − 4m2π
)3/2
(A.13)
Γρ→e+e− =
e4F 2V
12πMρ
. (A.14)
For the deays φ → KK, ω → e+e− and φ → e+e− one
has to take into aount the SU(3) relations for strong and
eletromagneti ouplings implemented in (A.8)-(A.12).
Tables 7 and 8 show values for GV and FV whih are
obtained from experimental widths.
The ondition FV = 2 GV is important for amplitudes
to onverge (see Setion 2.3). From Tables 7 and 8 one
sees that this relation is satised only approximately, and
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Table 7. Values of eletromagneti oupling onstants for vetor mesons
ρ0 ω φ
Γρ→e+e− , keV FV (MeV) Γω→e+e− , keV FV (MeV) Γφ→e+e− , keV FV (MeV)
7.02± 0.11 156.162 0.60± 0.02 137.629 1.27 ± 0.04 161.629
Γρ→µ+µ− , keV FV (MeV) Γω→µ+µ− , keV FV (MeV) Γφ→µ+µ− , keV FV (MeV)
6.66± 0.20 152.358 0.76± 0.26 154.98 1.21 ± 0.08 157.738
Table 8. Values of vetor-meson oupling to two pseudosalar
mesons (all values are in MeV)
pi+pi− K+K− K0K¯0
ρ0 exp. width: 146.4  
GV : 65.183  
2 GV : 130.366  
ω exp. width: 0.144  
(suppressed)
φ exp. width:  2.096 1.448
GV :  53.09 54.45
2 GV :  106.18 108.9
the losest values are obtained from (A.13) and (A.14) for
the deays ρ→ π+π− and ρ→ e+e−.
B Chiral Lagrangian for light salar mesons
The O(p2) ChPT Lagrangian, whih expliitly inor-
porates salar mesons and their interations with pseu-
dosalars reads [25℄
LB = cd
〈
Soctuµu
µ
〉
+ cm
〈
Soctχ+
〉
+c˜dS
sing 〈uµuµ〉+ c˜mSsing 〈χ+〉 , (B.1)
χ+ = u
+χu++uχu. For other notation and denition see
Appendix A and [25℄.
Salar otet Soct and singlet Ssing have a priori inde-
pendent ouplings cd, cm and those with hats c˜d, c˜m. Nu-
merial values of these ouplings are determined by the
underlying QCD. However it is diult to nd cd, cm,
c˜d and c˜m at energies about 1 GeV beause of the non-
perturbative regime of QCD. From assumption of large
number of quark olors (Nc →∞) it was shown [25℄ that
otet and siglet (with tilde) hiral ouplings obey rela-
tions
c˜m = µ
cm√
3
, c˜d = µ
cd√
3
, µ = ±1. (B.2)
Appliability of (B.2) to salar meson radiative deays
gives rise to some doubts ([18℄, for instane). Anyway we
use these onstraints to redue the number of independent
parameters in Setion 3.1.
For desription of salar meson radiative deays we
expand uµ in (B.1) in series in Φ. The O(p2) interation
with salar mesons is dened by
LB = LChPToktet + L
ChPT
singlet, (B.3)
LChPToktet =
2 cd
f2π
〈
Soct∂µΦ∂
µΦ
〉
−ı2e cd
f2π
Bµ
〈
Soct{∂µΦ, [Q,Φ]}
〉
−2e
2 cd
f2π
BµBµ
〈
Soct[Q,Φ]2
〉
−cm
f2π
〈
SoctΦ{χ, Φ}〉+ 2cm
f2π
〈
Soctχ
〉
,
LChPTsinglet =
2 c˜d
f2π
〈∂µΦ∂µΦ〉Ssing
+ı
4e c˜d
f2π
Bµ 〈∂µΦ, [Q,Φ]〉Ssing
−2e
2 c˜d
f2π
BµBµ
〈
[Q,Φ]2
〉
Ssing
−2 c˜m
f2π
〈
χΦ2
〉
Ssing +
2c˜m
f2π
〈χ〉Ssing.
Apparently Lagrangian (B.3) does not yield diret ontat
oupling of salar meson to two photons.
In order to apply (B.3) to the physial salar elds one
has to assume ertain multiplet deomposition (1). Whih
has to be onsistent with phenomenology. The prominent
feature of a0 is its dominant deay to πη. The KLOE [1℄
showed almost no ontribution of f0(980) resonane in
omparison with a0(980) in the reation φ(1020)→ γπ0η.
Thus we suppose that isovetor a0(980) and isosalar
f0(980) do not mix with eah other. Violation of isospin
onservation, related to a possible a0-f0 mixing, is a sub-
jet for a separate work. This issue an be studied for
example by means of the dd → (4He a00 →) 4He π0η
reation at COSY [47℄.
As far as we are interested in physial salar elds,
whih are ombinations of singlet and otet states, it
is onvenient to introdue eetive ouplings gS··· on-
struted from onstants cd, cm, c˜d, c˜m. This allows one to
rewrite Lagrangian in a simpler form.
Let S stand for any salar eld, a0,f0 or σ, and P 
for pseudosalar
→
π= π0, π± or K±, K0, K¯0. Then La-
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P+
P−
P+
P−
P+
P−
P+
P−
(ν)(µ)
(ν)
ı gSPP
f2pi
−
ı gˆSPP
f2pi
2e2ı gSPP
f2pi
ı e gˆSPP
f2pi
l+ ·l−
(l+ − l−)νgµν
Figure 7. The O(p2) verties orresponding to La-
grangian (B.4). Dotted line stands for salar meson S, dashed
line - for pseudosalar P . Couplings are shown in Table 9, see
also (B.5).
grangian (B.3) an be redued to
LB =
1
f2π
∑
S
S
[gSππ
2
→
π
2
+
gSηη
2
η2 + gSπηπ
0η (B.4)
+gSKK(K
+K− + (−1)ISK0K¯0) + (gˆSππ/2)(∂µ →π )2
+(gˆSηη/2)(∂µη)
2 + gˆSπ0η∂µπ
0∂µη
+gˆSKK(∂µK
+∂µK− + (−1)IS∂µK0∂µK¯0)
+gSγππeBµπ
+
↔
∂µ π
− + gSγKKeBµK+
↔
∂µ K
−
+gSγγππe
2BµB
µπ+π− + gSγγKKe2BµBµK+K−
]
,
where IS = 0 for f0, σ and IS = 1 for a0. We introdued
the eetive ouplings gSππ, gSηη, et. listed in Table 9.
The ouplings whih are absent in Table 9 are equal to
zero. In addition, for any salar meson S the following
relations for eletromagneti ouplings hold
gSγππ = −ıgˆSππ,
gSγKK = −ıgˆSKK,
gSγγππ = gˆSππ,
gSγγKK = gˆSKK . (B.5)
Note also that
Z = cos θ0 −
√
2 sin θ8
cos(θ8 − θ0)
≈ 1.53, (B.6)
where denominator in Z is equal to determinant of the
transition matrix (A.5) from (η8, η0) to (η, η
′).
Lagrangian (B.4) leads to the verties shown in Fig. 7.
Table 9 shows expressions for the eetive ouplings
as well as the orresponding hiral powers. Some of the
ouplings inlude the masses of Goldstone bosons and are
O(p2), while the others are O(p0). Of ourse eah term in
Lagrangian (B.4) arries power O(p2).
Let us now make a remark on relation between the sign
of the parameter µ in (B.2) and salar-meson mixing angle
θ in (1). As long as present onsideration does not involve
σ meson we an drop the relation for σ in (1) and observe
Table 9. Eetive ouplings and their hiral powers for salar
mesons
gfππ = −m2π(4c˜m cos θ − 2
√
2/
√
3 cm sin θ),
gfηη = −4/3 c˜m(4m2K −m2π) cos θ
−2√2/(3√3) cm(8m2K − 5m2π) sin θ), O(p2)
gfKK = −m2K(4 c˜m cos θ +
√
2/
√
3 cm sin θ) .
gˆfππ = 4 c˜d cos θ − 2
√
2/
√
3 cd sin θ,
gˆfηη = 4 c˜d cos θ + 2
√
2/
√
3 cd sin θ , O(p0)
gˆfKK = 4 c˜d cos θ +
√
2/
√
3 cd sin θ.
gσππ = −m2π(4c˜m sin θ + 2
√
2/
√
3 cm cos θ),
gσηη = −4/3 c˜m(4m2K −m2π) sin θ
+2
√
2/(3
√
3) cm(8m
2
K − 5m2π) cos θ), O(p2)
gσKK = −m2K(4 c˜m sin θ −
√
2/
√
3 cm cos θ).
gˆσππ = 4 c˜d sin θ + 2
√
2/
√
3 cd cos θ,
gˆσηη = 4 c˜d sin θ − 2
√
2/
√
3 cd cos θ, O(p0)
gˆσKK = 4 c˜d sin θ −
√
2/
√
3 cd cos θ.
gaKK = −
√
2 cmm
2
K , O(p2)
gaπη = −2Z
√
2/
√
3 cmm
2
π .
gˆaKK =
√
2cd , O(p0)
gˆaπη = 2Z
√
2/
√
3 cd .
a nontrivial property: the hange µ → −µ is equivalent5
to the hange θ → π − θ.
C Modiations of the model for virtual
photons
The omplete set of O(p4) diagrams has to inorporate
all ontributions determined by O(p4) Lagrangians (A.8)-
(A.12) and (B.4). Lagrangian (A.10) generates eletro-
magneti form fators (FF's) for pseudosalar partiles
inside the loops. These FF's should replae the tree-level
PPγ verties marked by arrows in Fig. 1, if the FF's do
not inrease the hiral power of a diagram and they are
alulated from O(p4) Lagrangian.
Note that eletromagneti FF's of kaons and pions
have been studied in various approahes (let us just men-
tion the onsiderations for on-mass-shell pions [48,49℄ and
kaons [43℄). The FF alulated from ChPT Lagrangian in-
ludes diret photonvetor meson transition, i.e. vetor
meson dominane, as well as ordinary ontat interation
(see illustration in Fig. 8 and Appendix A). Fortunately
the real photons do not ouple to vetor mesons within this
approah (see, e.g., [43℄ for disussion of this and one-loop
modiation of eletromagneti vertex). Therefore as long
as one is interested in proesses with real photons there
are no O(p4) diagrams additional to those shown in Fig. 1,
and therefore Fig. 1 gives the omplete set of diagrams in
this order. The similar reasoning applies to onsideration
5
This equivalene is reeted in Table 4.
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= ΣFF +
V
V
Figure 8. The O(p2) eletromagneti vertex of (o-mass-shell) pseudosalar meson in ChPT. All possible intermediate vetor
resonanes V = ρ0, ω, φ, ... in general ontribute. For real photons only the rst term on the r.h.s. is non-zero.
Table 10. Table of typial D-dimensional integrals (for any
vetor Qµ and omplex number R).
Λ2ǫ
R
dDl
(2π)D
1
l2+R
= −ıR
(4π)2
[Iǫ + 1− ln(−RΛ2 )] ,
Λ2ǫ
R
dDl
(2π)D
{1,lµlν}
(l2−2l·Q+R)2
= {1, QµQν} ı
(4π)2
× [Iǫ − ln(Q2−RΛ2 )]
+ {0, gµν} ı
32π2
(Q2 −R)
× [Iǫ + 1− ln(Q2−RΛ2 )] ,
Λ2ǫ
R
dDl
(2π)D
{1,lα,lαlβ ,lαlβ lν}
(l2−2l·Q+R)3
= −ı
2(4π)2
{1,Qα,QαQβ ,QαQβQν}
Q2−R
+ ı
4(4π)2
[Iǫ − ln(Q2−RΛ2 )]
×{0, 0, gαβ, (gαβQν
+gανQβ + gνβQα)} ,
of diagrams shown in Fig. 2 and Fig. 3 for φ → γa0/f0
and f0/a0 → γ ρ/ω deay respetively.
D Dimensional regularization. Loop integrals
In alulation of loop integrals we use the dimensional
regularization method (see, for instane,  7 and Ap-
pendix B in [50℄).
The dimension of spae-time D = 4 − 2ǫ in the limit
ǫ → 0 orresponds to that of 4-dimensional Minkowsky
spae. In the text this limit is assumed in all expressions.
Integration measure for 4-dimensional spae is replaed
by that for D-dimensional spae: d4q → (Λ2)ǫdDq, where
arbitrary regularization parameter Λ has units of mass.
Integrals with this measure are dened via the analytial
ontinuation from the spae with the integer number of di-
mensions. Metri tensor obeys the ondition gµνgµν = D.
The Dira matries satisfy the anti-ommutation relations
{γµ, γν} = 2gµν . Here γµγµ = D, and the ordinary trae
formulae are generalized to Tr(γµγν) = 2D/2gµν , et.
In alulation of loop diagrams the typial integrals
presented in Table 10 arise. For divergent terms we dene
Iǫ = 1/ǫ− γǫ + ln 4π.
Euler-Masheroni onstant γǫ ≈ 0.57721566490 an be
expressed in terms of gamma-funtion derivative γǫ =
−Γ ′(1) = − ∫∞
0
dx exp (−x) lnx.
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